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Abstract-Stochastic differential game techniques are applied to compare the performance of a 
medium-range air-to-air missile for different values of the second ignition time in a two-pulse rocket 
motor. The measure of the performance is the probability that it will reach a lock-on-point with a 
favourable range of guidance and flight parameters, during a fixed time interval [0, tf]. 
1. INTRODUCTION 
Medium-range air-to-air missile trajectories can be divided into two main phases: midcourse 
phase and homing phase. The midcourse phase is the initial period of the flight following the 
launch until seeker lock-on can be materialized. The midcourse guidance system’s task is to steer 
the missile into a favourable range of guidance parameters, which, in particular, must include 
range and field of view of the seeker. Once these conditions are satisfied, the homing phase of 
the missile’s flight begins. 
Since under typical standoff-launch conditions the thrust terminates in the midcourse phase, 
one has to ensure that at the lock-on point the missile’s speed (or specific energy, or missile-target 
closing velocity) exceeds a given threshold. In some situations, a minimum-time flight during the 
midcourse phase is required [l-3]. Another approach [4] is using a pulse motor instead of a 
boost-sustain motor. 
The advantage of a pulse motor over a boost-sustain motor is the freedom to control the firing 
time of the second and subsequent pulses, whereas the thrust profile of a boost-sustain motor 
is contiguous and predetermined. Thus, when a pulse motor is being used, one can deal with 
optimal guidance and ignition control problems, as the cases considered in [4] and [5], or deal 
with optimal-pulse-triggering algorithms, as the cases considered in [5-71. 
In this work, we consider a two-pulse motor where the first ignition time is at launch time 
(that is, at t = 0), and the second ignition time is a control variable. It is assumed that the 
duration and magnitude of both pulses are fixed. Denote the second ignition time by t2. Given 
a performance index, it is immediately obvious that the optimal value of ts depends on the 
particular flight trajectory dictated by the guidance scheme. In this work, we use a stochastic 
differential games framework for finding a global suboptimal value for ts that does not depend on 
the flight trajectory. Let [0, ti) be the duration of the first pulse, and let 5’ = {si, ~2,. . . , s,} be 
an increasing sequence of real numbers such that t i _ < s 1. The following model for the differential 
games dealt with here is assumed: 
Two players, E (the evader) and P (the pursuer), are moving in the (5, z)-plane. It is assumed 
that their motion is noise-perturbed. The speed of player E is fixed, and his manoeuvrability is 
determined by his pitch axis lateral acceleration a~, which here serves as his control function, and 
by the gravitational acceleration. Owing to thrust, drag, and gravitational forces, player P has a 
variable speed Vp. His manoeuvrability is determined by Vp, his pitch axis lateral acceleration ap, 
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which serves here as his control function, and by the gravitational acceleration. It is assumed that 
player P can manoeuvre as long as VI < VP < 02, where vi and 02 are given positive numbers, 
and that he has a circular “operation zone” with radius J&J. Let r denote the range from P 
to E, and ,f? the bearing of E from P. We are concerned here only with the midcourse phase 
of the flight of P, and since we are mainly interested in comparing the performance of P for 
different two-pulse thrust profiles, corresponding to tz = sir i = 1,. . . , n, respectively, we assume 
that both players E and P have complete observation of the state of the encounter space. The 
measure of the performance of P will be the probability that P reaches a lock-on point with a 
favourable range of guidance and flight parameters, during a time interval [0, tr], where tf is a 
given number. 
A lock-on point is here defined as a point in P’s “operation zone” for which 0 5 T 5 r,, the 
line-of-sight PE is within a cone of half-squint angle CY,,, and v, 5 Vp < 212, where rO, T, < R,, 
CY~, and v,, vi < v, < 02, are given numbers. The set of all such lock-on points will be called 
here the “contact set” Kp. 
Denote P’s “operation zone” by D,p. Let {(Z”(t; si), m,(t; si)), t E [0, tr]}, i E (1,. . . , n}, be a 
pair of thrust-mass profiles corresponding to a two-pulse rocket motor where the second ignition 
time t2 satisfies ts = si. For each i E {1,2, . . . , n}, let Ei be the event {For some t, 0 5 t 5 tf : P 
enters the “contact set” Kp while P E D,p - Kp for all s E [0, t), and given that P has a 
two-pulse rocket motor with second ignition time t2 = si}. For each i, i = 1,2,. . . , n, we have a 
differential game in which player E steers by choosing, at each instant, his control function oE 
in such a manner as to minimize Prob(Ei), whereas player P steers by choosing, at each instant, 
his control function ap in such a manner as to maximize Prob(&). Let i, = argmax(Prob(&), 
i E {1,2,. . . ) n}). Then we say that t2 = si, is the best second ignition time on S. 
The aim of this work is to show how these “suboptimal” second ignition times (that is, si,) 
can be computed. The method proposed here can also be applied for finding “good” values for 
the second and subsequent ignition times for multi-pulse rocket motors. 
2. THE FUNDAMENTAL EQUATIONS 
Consider the motion of two points, E and P, in the (z, z)-plane. It is assumed that the motion 
of player E is given by 
dXE - = VE COSYE, 
dt 
d% - = VEsinTE, 
dt 
dYE 
- = v,-‘(a, - gcos+@), 
dt 
and that the motion of player P is given by 
dxp - = vpcosyp, 
dt 
d+ - = VP sinyp, 
dt 
d-w 
- = V,-‘(up - gcosyp), 
dt 
dVp -= Tp(t) - I+-; - IC2(t)v,-2a2, 
dt mp(t) 
- gsinw, 
where (zE, ZE) and (xp,zp) denote the coordinates of players E and P, respectively; VE and 
Vp their respective speeds; 7~ and rp their respective path inclinations; oE and op their re- 
spective pitch axis lateral accelerations; Tp and mp the thrust and mass of P, respectively; 
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klV,?+kz(t)Vp2u~ the drag of P, where kz(t) = k&.(t); and g the gravitational acceleration. It 
is assumed here that VE, kl, and k, are given positive constants and that aE and ap are the control 
functions of players E and P, respectively. In general, kl = kl(zp,M) and k. = ko(.zp,M), 
where M is the Mach number. However, in order to reduce the order of the state space and 
for the sake of simplifying the computation carried out later, the measurement-based functions 
ki(zp, M) and k&p, M) have been replaced here by some average values kl and k,, respectively. 
It is assumed here that E’s and P’s motion is perturbed by small Gaussian white noises that 
model the random errors in the values of Tp(t), ICI, and k,, and the random influence of the 
environment. By fixing the origin of a new coordinate system at the position occupied by P, and 
considering the relative motion of players E and P in polar coordinates, where r is the range 
from P to E and p the bearing of E from P, we obtain the following equations: 
dr dW1 
- = VE cos(YE - p) - VP COS(7p - p) + odt, 
dt=r 
dW2 -lLvE sin(7E - p) - VP Sin(yp - p)] + mm1 dt, 
d7E dW3 - = v,-l(aE - gcos7E) + 717, dt 
drp dW4 
- = V,-l(ap - gcosyp) +,yq-, dt 
dVp [Tp(t) - klV; - kz(t)V”2a$] dW -= 
dt mp (t) 
- gsinw +73-g, 
(8) 
(9) 
(10) 
(11) 
(12) 
t > 0, where W = {W(t) = (WI(t), W,(t), Ws(t), W,(t), W,(t)), t 2 0) is an W5-valued standard 
Wiener process, and 0 and pi, i = 1,2,3, are given numbers, 0 < u << min(q, VE) and 0 < ‘yi << g, 
i = 1,2,3. Equations (8)-(12) constitute the fundamental equations of motion of E and P for 
the differential games dealt with here. 
The “operation zone” and “contact set” of player P in the (r, p, ‘YE, 7p, VP) coordinate system 
are given respectively by the sets 
D oP := {(r7h7Ey7P, VP) : 0 < r < %, 211 < VP < 7J2}, (13) 
and 
KP := {(r,P,yt3,7p, VP) : 0 I r 5 To, ~OS(~P - P) > cosQo, u. I VP < ~2) 
u{(~~~7^IE77P~vP) :r=o), 
where o, and V, are given numbers, r, < R,, 0 < cy, 5 5, and zli < V, < vs. 
The following family of thrust functions for P is considered here: 
( TM, 0 I t < t1, 
(14) 
Tp(t; t2) := I 0, t1 st<tz, TM, t2 5 t < t2 + &, 0, t2 + & 5 6 (15) 
where TM, tl, and dT are given positive numbers and 
Consequently, to each value of t2 there corresponds 
mo-$$, 
m&;t2) = 
ml, 
w -TM*, 
mf, 
t2 E s. 
a mass function mp(t; t2) given by 
ost<t1, 
t1 st<t2, 
t2 <t<t2+&, 
(16) 
t2 + 6 < t, 
where Isp and m, - mf are the specific impulse and mass, respectively, of P’s propellant, and 
t1 ml =m,-TM--. 
d.sP 
(17) 
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3. FORMULATION OF THE PROBLEM 
In the sequel, the following set of stochastic differential equations will serve as the model for 
the motion of players E and P: 
dx 1 = I(x)[v~ cos(xa - x2) - x5 cos(x4 - x2)] dt + odWl, t > 0, (18) 
dxz = I(x)x;‘[V E sin(xs - 2s) - x5 sin(xa - x2)] dt + aJ(x)x;’ dW2, t > 0, (1% 
dx3 = V;‘[u,y(t, x) - gcosx3] dt + y1 dW3, (20) 
dx4 = I(x)~~~[ap(t,x) - gcosx4ldt +Y~~W~, (21) 
dxs = {I(x)[Tp(t; t2) - k 1x2 - h(t; tz)xc2a$(t, x)]mji’(t; t2) - gsinxd} dt + 73 dW5, 
(22) 
where 2 := (X1,X2,X3, X4,X5), Xl := T, x2 := ,6, x3 := YE, x4 := yp, and x5 := VP. Here 
kz(t; tz) = k,m2,(t; tz). 
The functions I and J are introduced here to guarantee the existence of solutions to equations 
(18)-(22) over the whole of lR5. In fact, we are interested in these solutions only over P’s 
“operation zone,” DOp. Therefore, I and J are given by I(x) = 1 if x E {x : c 5 x1 < R,, 
01 < x5 5 Q}, and I(x) = 0 otherwise; and J is chosen in such a manner that J(x) = 1 for 
e: I x1 I R,; J(x)xc, ’ is continuous on W5 and satisfies 0 < co 5 J2(x)xT2 5 M < co for all 
x E W5 and for some E, co, and M, 0 < E < 1. 
Denote by U, the class of all feedback strategies u = (UE,UP) = {(uE(t,x),up(t,x)), (t, x) E 
[0, co) x a5} such that u : [O,oo) x R5 --f R2 is a measurable function and luE(t, x)1 5 a~,, and 
lup(t,x)[ 5 up,, for all (t,x) E [O,co) x R5, where oEO and up,, are given positive numbers. 
Let u E U, and denote Y := (u,tZ). Then [8], equations (18)-(22) determine a family 
of stochastic process c& = {&(t) = (c:,,“,,&), <,“,,,2@),~:,~3(~), <:,s~,140)r C;,z5(t)), t E Lo, O”))> 
(s, x) E [0, m) x R5, and an associate family of probability measures {P,V,,, (s, x) E [0, cm) x JlU”} 
on R = C([O, oo);W5), such that Pgz is the solution to the martingale problem for L,(V) 
&(v) = I(x)[V E cos(x3 - x2) - x5 cos(x4 - x2)]& 
+ I(x)x;l[VE sin(xs - x2) - 2s sin(x4 - x2)]& 
+ v,-l[uE(trx) - ,,0s.,]~ + I(x)x;l[uP(t,x) - gcosx4]& 
+ {qx)[TP(t; t2) - k 1x; - k2(t; t2)x~2u2p(t,x)]mp1(t; t2) - gsinxd}; 
5 
(23) 
1 
a2 a2 a2 
+ z o 
2 a2 
ds2 + ~‘J’(x)x;~& 
1 2 +r:~+rz2@+7~@ 3 4 5 1 
and has the following properties: 
(a) 
(b) The expression 
P&({&(t) = x, 0 < t _< s}) = I. (24) 
(25) 
is a P,“, , -martingale after time s for a;1 F E C~(W5). 
The sets Dop and Kp are now redefined in the x-coordinate system and are given respectively 
by 
D, := {X : 0 < X1 < R,, (x&x3,x4) E R3, ZQ < X5 < 212}, (26) 
K := {x : 0 5 x1 5 ro, cos(x4 - x2) 2 cosq,, 210 L x5 5212 - 6) u {x : x1 = O}, 0 < 6 < 1. 
(27) 
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Also, define 
D := D, - K, 
B := {x : x $ De and x $ K}. 
(28) 
(29) 
Denote by r(s, z; v), the first exit time after s of <i,Z from D, that is, 
inf{t 2 s : <I,,“,,(t) +! D, when &.(s) = x E D}, 
T(S, 2; v) := s, if C’,,“,,(s) = x $ D, (30) 
9 if C’,,“,,(t) E D for all t 2 s, 
(s,Lc) E [O,oo) x IP. 
Also, define the following class of admissible feedback strategies: 
U:={U=(uE,up)EUg: sup 
(%~)Ele,~)xD 
E&r(s, 2; V) < 0;) for any t2 E [tl, oo)}, (31) 
where E& denotes the expectation operator with respect to P.&. 
Define the following functionals 
V(t, 2; u) : = P& ({T(& s; v) 2 tf and &(dt, s; 4) E K}), 
v = (ul,t2), u E u, t2 E [tl, co), (t, x) E [O, tf] x R5. 
(32) 
In other words, roughly speaking, V(t, Z; u) is the probability that P reaches the “contact 
set” Kp at some time s, s E [t, tr] before leaving the “operation zone” D,p; and given that 
Tp(t) = Tp(t; tz) and mp(t) = mp(t; tz), t E [0, tf], the control law ‘1~ is being applied by both 
players and at the instant t, t E [0, tf], the state of the game is given by x. Note that if z E D,, 
then z = (r(t), o(t), -/E(t), YP(t), VP(t)). 
The following problem will be dealt with in the sequel: given a sequence of numbers S = 
(317 32,. . . , sn}, such that tl < s1 < s2 < . .. < sn 5 tj - dT. For each element si of S, find a 
strategy ui = (a,~, api) E U such that 
V(t, x; ((UEi, UP), si)) < V(t, x; vi> 5 V(t, x; ((UE, UPi), si)) 
for any (eEi, up), (C&E, upi) E U and all 
(t, z) E [O, tjl x D, where vi = ((oEi, api), si), i = 1, . . . ,?I. 
(33) 
In fact, we are not interested here in finding the values of ui, i = 1,. . . , n, but rather in 
computing the values of V(., -; vi), i = 1,. . . , n. Thus, the values of V(., +; vi), i = 1,. . . , n will be 
computed here, and their computed values will enable us to compare the performance of P when 
different values for the second ignition time tz, namely, t2 = Siy i = 1, . . . , n, are applied. Hence, 
if for some sj E S we have 
V(t, Xi uj> 2 V(t7 2; vi), i = l,... , n for all (d, x) E [0, tj] x D, (34) 
then we will say that tz = sj is the best second ignition time on S. 
4. COMPUTATION OF V(-, -; vi) 
Let 2) denote the class of all functions V : [0, tj] x JR5 -+ W such that V is continuous on 
[O, tj] X (bO UK), V E C’>2([0, tj> x 0) and such that $$ + L,(v)V E Lz([O, tf) x (D II A,)) for 
any u E U and tz 1 tl, where v = (u, t2) and 
A, := {x : -= 5 x2 I r, -II- I x3 I lr, -T 5 x4 5 lr}. (35) 
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By following the same procedure as in [9], it follows that the function V(., -; vi), i E (1, . . . , n} 
may be found by solving the following problem: 
WC x) 
- + Lt(v)V(t, z) = 0, 
at 
(t, x) E [O, tr) x (D n A,), .v = (u, 4 
V(t,x) = 1, (C x) E LO, ql x KY 
Wf, x> = 0, x E D, 
V(t,x) = 0, (t,x) E [O&l x B, 
V(t, XI, k?r + lh2, x3, x4, x5) = V(t, 21, -h + lh2, x3,54,25) 
k = -1, 1, I = 0, k. 
V(t, 51, x2, kn + th3,24, x5) = V(t, XI, ~29 -h + lhs, ~4, x5) 
k = -l,l, C = 0, k, 
V(t, 21, x2, x3, kr + lh4, x5) = V(t, XI, x2, x3, -h + lh4, x5) 
k=-l,l, e=O,k, 
aE(t, x) = -a&., sign (t, x) E 10, tj) x D, 
for all (t,x) E [0, tf) x D: 
If w > 0, then 
{ 
ap0, if a$(t, x) > aP0, 
aP(t, x) = a$(t, x), if la%, x)I 2 aP0, 
-aPo, if a$.(&~) < -apO, 
where av t,x 
a”p(t, x) := 
mp(t; %)X5 zq TP 
2kz(t; si)w ’ 
otherwise, if v I 0, then 
ap(t, x) = ape sign (ET!&%)). 
Note that equations (43)-(46) are derived from the dynamic programming equation 
wt, x) 
l3t ) ( + a$$ aFtz, b(((aE, aP), %))v(t,x> = 0, 
(aE, aP> E u, (6 x) E [O, tr) x D, si E s. 
(36) 
(37) 
(33) 
(39) 
(40) 
(41) 
(42) 
(43) 
(44) 
(45) 
(46) 
(47) 
Assume that equations (36)-(46) h ave a solution denoted here by (v*, V(-, .; v*)), v* = (u*, si). 
If u* E U and V(., -; v’) E V, then u* = ui and 
V(t, x; v*) = V(t, x; (ui, si)) = P,f’$ ({T(t, x; vi) L tf and C$(+, x; vi)) E K}) (43) 
(t, z) E 10, tfl x D 
and V(-, .; vi), vi = (ui, si) satisfies inequalities (33). 
5. A NUMERICAL STUDY AND CONCLUSIONS 
Denote by Wi the following finite-difference grid on W5: 
W; := {(ihI,jh2, kh3,eh4,mh5) : i,j, k,L, m = 0, fl, f2,. . .}. (4% 
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Equations (36)-( 46) h ave here been solved using an upwind finite-difference method on [0, tr] x 
WE described in [9]. (Using the value 0 = 0, see [9].) 
Denote by VAfh(., a; vi), i E (1,. . . , n}, the solution to the finite-difference equations corre- 
sponding to equations (36)-(46). 
Computations were carried out using the following set of parameters: ~1 = 400, 212 = 1300, 
VE = 350, kl = 0.0017595, k, = 21.7181, a&, = 6g, up0 = 25g, R, = 24000, a0 = ;, u2 = 4, 
7; = 7; = (&))2, +/3” = 10-4, tf = 40, A = 0.25, hl = R&8, h2 = h3 = h4 = 5, and 
h5 = (21~ - vl)/ll. 
Two families of pulse motors have been considered: 
(i) TM = 6000, tl = 12, and S = (12 + iA, i = 0,. . . ,12; 16 + 2jA, j = 0, 1,. . . ,9}, and 
(ii) TM = 9000, tl = 6, and S = (6 + iA, i = 0,. . . ,121, 
where in both cases dT = 6 and the following values for (v,,r,) have been used: (600,2hl), 
(800,2hl), and (900,4hl). 
Define the following sets in ai: 
D ah := Doh n {X : x2 < 0}, 
Dbh := Do/, f-l {z : 22 2 0}, 
(50) 
(51) 
where 
D oh:= (D,uK)nA,nW~. (52) 
The set Dab is the set of all points x in Doh such that the altitude of P is higher than the altitude 
of E, whereas Dbh includes all the points 5 in &h such that the altitude of P is lower than or 
equal to the altitude of E. 
Denote 
P&) := c 
VAth (0, x; (?A*, tz>) 
XEDoh 
N(D,h) ’ 
Pa(t2) := c 
VAlh (0, z; (u*, t2>) 
sED,h 
N(h) ’ 
and 
Pb(t2) := c VA9h (0, x; (u*, t2>) 
XEDbh 
N(Dbh) ’ 
(53) 
(54) 
(55) 
where N(h), N(h), and N(Dbh) denote the number of points in Doh, Dab, and Dbh, respec- 
tively. Note that here N(D,h) = 1166030, N(Dah) = 552330, and N(&) = 613700. 
Extracts from the numerical results are presented in Figures 1 and 2. Only results correspond- 
ing to the case where TM = 6000 are shown here. The results for the case where TM = 9000 
showed the same trend as those of the former case and, therefore, were omitted. 
The results, part of which are presented here, suggest, at least for the examples considered 
here, that in a pursuit against a highly manoeuvrable target, a boost-sustain motor is superior 
to the two-pulse motor considered here. 
6. CONCLUDING REMARKS 
In this work, it has been demonstrated that stochastic differential games methodology can 
be used in the evaluation of the effectiveness of two-pulse rocket motors in the performance of 
medium-range air-to-air missiles, subject to a variety of specifications to be met in the lock-on- 
point. This work is to a large extent, a continuation of the work done in [lo]. There it has 
been demonstrated that stochastic differential games techniques can be used in the evaluation of 
general thrust-mass profiles in the performance of medium-range air-to-air missiles. 
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12 14 16 18 20 22 24 26 28 30 32 34 
Figure 1. P(t2) as a function of t2 for the cases: v0 = 600 (rO = 2670), v0 = 800 
(rO = 2670), and v0 = 900 (rO = 5340). 
12 14 16 18 20 22 24 26 28 30 32 34 
Figure 2. Pa(t2) as a function of t2 for the cases: v. = 600 (TV = 2670), v0 = 800 
(~0 = 2670), and v. = 900 (rO = 5340). 
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